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Abstract 
Homomorphisms between graphs are studied as a generalization of colorings and of chromatic 
number. We investigate here homomorphisms from orientations of undirected planar graphs to 
graphs (not necessarily planar) containing as few digons as possible. We relate the existence of 
such homomorphisms to girth and it appears that these questions remain interesting even if we 
insist the girth of G is large, an assumption which makes the chromatic number easy to compute. 
In particular, we prove that every orientation of any large girth planar graph is Scolorable and 
classify those digraphs on 3, 4 and 5 vertices which color all large girth oriented planar graphs. 
1. Introduction and statement of results 
Given graphs G = (V, E) and G’ = (V’, E’) a homomorphism from G to G’ is any 
mapping f : V -+ V’ satisfying 
LGYI E E*[f(x),f(v)l E E’. 
Here the brackets on both sides of the implication means the same thing: either an 
edge or an arc. The existence of a homomorphism from G to G’ will be denoted by 
G + G’. 
Homomorphisms are clearly related to the chromatic number of undirected graphs 
(an undirected graph G is k-colorable if and only if there exists a homomorphism from 
G to Kk, the complete graph on k vertices) and this led to an extensive research (see 
e.g. [2,3,8-l 1,15,16,18]). For this reason we will often call colors the vertices of the 
target graphs (i.e. homomorphic images). 
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From the homomorphism point of view there is a big difference between directed 
and undirected graphs. While for undirected graphs the complexity of the problem is 
well captured by the chromatic number (given a graph G, deciding whether G has 
a homomorphism to G’ is polynomial if and only if G’ is bipartite [9]) for directed 
graphs the problem is much harder and presently seemingly untractable. The present 
paper is a contribution to this area. We consider (unless otherwise stated) oriented 
graphs, i.e. directed graphs not containing two opposite arcs. Oriented graphs are thus 
orientations of undirected graphs. 
Motivated by 3-, 4- and 5-color theorems for (undirected) planar graphs [ 1,6,19], 
we study similar questions for oriented graphs. It appears that these questions remain 
interesting even if we insist the girth of G is large, an assumption which makes the 
chromatic number easy to compute. This is the main motivation of this paper. 
More precisely, we consider the following problems. 
A. The Oriented Coloring Problem. Given an oriented graph G = (V,A), find the 
smallest number of vertices of an oriented graph G’ = (V’, A’) for which G + G’. This 
number will be denoted here f(G) and called the oriented chromatic number of G. 
Observe that if we consider symmetric digraphs as target graphs this number is 
then the usual chromatic number. Another motivation stems from a recent paper [ 171 
where it was proved that f(G) is bounded by a constant for every planar graph G. In 
fact, it was proved that z(G) d80 for every planar graph G and presently this is the 
best-known result. 
The oriented coloring problem was further studied in [ 181 where it was proved that 
orientations of k-trees and of bounded degree graphs have bounded oriented chromatic 
number. In particular, the maximum oriented chromatic number of a k-tree is deter- 
mined up to a log k factor. Also, examples of planar graphs G with z(G) 3 16 are 
presented. 
The second problem which we consider is: 
B. The Girth Problem. Given an integer g > 2, determine the quantity 
i(g) = max{i(G); G planar, girth(G) = g}. 
We prove the following. 
Theorem 1. (1) For every g, f(g) 2 5. 
(2) f(7) I=- 5. 
(3) Ifg316 then z(g) = 5. 
(4) Ifgall then jz(g)<7. 
(5) Ifg37 then z(g)612 
(6) Ifg36 then f(g)<32 
We view (3) as yet another 5-color theorem (for high girth planar graphs). 
Thus, it is clear that for coloring (i.e. homomorphism) of oriented planar graphs of 
(even) large girth with at most 4 colors one needs some oppositely oriented edges. In 
this context, we studied in a greater detail celebrated Grotzsch Theorem [6] (see also 
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Fig. I. Target digraphs on three vertices 
[ 191 for a remarkably short proof), which states that every undirected planar graph 
with no triangle is 3-colorable. Consider the digraphs X1 _ . A’, depicted in Fig. I. WC 
prove: 
Theorem 2. (1) For eoery g and ewry X E {XI,. ,X4}. there exists a grapk G.Y., 
with girth y suck tkat Gx,~ + X. 
(2) Let G he an oriented plunar qrapk with girth(G)& 16 then G - _I’,. 
(3) Tkere exists a graph G \i+tk girth 8 suck tkut G + X5. 
This result shows in particular that in order to obtain a 3-color theorem for oriented 
planar graphs with a large girth we need to use a target graph having at least two 
symmetrical edges. 
How many symmetrical edges are needed for 4-color theorem? Under no girth as- 
sumption it is clear that all edges need to be symmetric. The following theorem relates 
the girth parameter to the existence of homomorphisms to each digraph with four ver- 
tices. Note that the results obtained for a digraph H also hold for the digraph H mil 
obtained from H by reversing all the edges. Thus, let Yl, . , Y, be the digraphs depicted 
in Fig. 2. Then we have: 
Theorem 3. ( 1) For ecery g and ecery Y E {Y,, Yz} tkere e.uists an oriented planur 
yruph G‘r,,, \l+tk girth g suck that Gy,, j* Y. 
(2) If’ G is an oriented planar grupk with girth g 226 then G + Y3, G + YJ ~IIN 
G + Y,. 
(3) [f’ G is un oriented planar graph with girth g > 16 tken G + Y,. 
(4) !f‘ G is an oriented planar graph with girth g> 11 then G ---) Y,. 
Thus, at least one symmetric edge is needed for a high girth oriented 4-color theorem 
But this is not sufficient (see Y2) and two symmetric edges are sufficient in general. 
By Theorem l(3) for an oriented Scolor theorem we do not need any symmetric 
edge. Below we give the full discussion of this fact for tournaments on five vertices. 
Let ZI , , Zs be the tournaments depicted in Fig. 3 (as stated below, we do not have 
to consider those tournaments having no 4-cycle). Then the following holds: 
Theorem 4. (1) If Z is a tournament with eitker no 3-q’cle or no 4-q& then ,fic 
earr~~ 6~ there exists a plunar oriented grapk Gz,,, naitk girth g suck that Gz,!! + Z. 
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Fig. 2. Target digraphs on four vertices. 
dggj$b3 4!jfj$b3 J$gjgb; 
4 4 4 
Zl z, z3 
di$gj$i; 4 j!!jg3 
4 4 
z4 z5 
Fig, 3. Target tournaments on five vertices. 
(2) For every g and every Z E {Zl,Zz} there exists an oriented planar graph Gz,g 
with girth g such that Gz,~ + Z. 
(3) If G is an oriented planar graph with girth g >31 then G -+ Z,. 
(4) If G is an oriented planar graph with girth g >26 then G + Z,. 
(5) If G is an oriented planar graph with girth g 2 16 then G --+ Z5. 
(6) For every Z E {Z,, . . . ,ZS} there exists an oriented planar graph GZ,J of girth 
7 such that GZ,J + Z. 
In the next section we prove the positive parts of Theorems I-4. In Section 3 we 
give some examples, thus proving the negative parts of the above statements. Section 4 
contains some open problems. 
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One last note regarding oriented coloring of graphs with large girth. Let G = (V, E) 
be an undirected graph. Subdivide each edge of G by a single vertex and orient the 
edges such that each new (subdivision) vertex v satisfies d+(v) = d-(v)= 1. Call the 
resulting oriented graph G*. Then we clearly have f(G* ) 3 x(G). Note that the graph 
G* is bipartite and that girth( G* ) 2 2 x girth(G). Thus, assuming a girth 6 for oriented 
graphs is generally not sufficient for high girth coloring results. We can, for instance, 
construct bipartite graphs G* with high girth and large i(G*). Note also that G* is 
2-degenerate (every subgraph of G* has a vertex with degree at most 2). 
2. Upper bounds 
Since all the target graphs we will use have no sources and no sinks (i.e. vertices 
with in-degree or out-degree zero) every vertex with degree one can be mapped into it. 
Thus, we may assume that all our graphs are orientations of a graph G with minimal 
degree at least two. 
Given an undirected planar graph G = (V,E) we denote an arbitrary orientation of it 
by g. Denote by 7 the set of all branching vertices of G (that is vertices with degree -- 
at least 3). Clearly we may view G as a subdivision of a graph G = (V,E) which 
we call the branching graph of G. Note that ?? is planar and has minimal degree at 
least 3. As there is a vertex in its dual which has maximum degree 5 we know that 
some of the faces of ?? have at most 5 incident edges. Now if girth(G) >, 5d + 1 then 
one of the edges of ?? has to be subdivided by d points. Defining the length of a path 
as the number of edges on it, we thus proved the following. 
Lemma 5. Let G be a subdivision of a branching graph G, and let girth(G) > 5d + 1. 
Then G contains a path of length d + 1 all of whose internal vertices have degree 2 
in G. 
We will call such a path a long ear (of length d + 1). 
Recall that the circulant (directed) graph G(n; al, a2,. . , ak ) is the graph whose vertex 
set is Z,, and whose arcs are those pairs (x, y) such that 3 i, 1 Q i <k, y - x z 
a, (mod n). Circulant graphs are clearly transitive. We shall use (for Theorem 1) 
the circulant tournaments Ts = G(5; 1,2) (also depicted as Zs in Fig. 3) and T, = 
G(7; 1,2,3). These tournaments have the following properties. 
Lemma 6. Let P3 be an arbitrary oriented path of length 3 with end-vertices a and 6. 
For every pair x, y of (not necessarily distinct) vertices of T, there exists a homo- 
morphism f : P3 + T7 such that f(a) = x and f(b) = y. 
Lemma 7. Let P4 be an arbitrary oriented path of length 4 with end-vertices a and b. 
For every pair x, y of (not necessarily distinct) vertices of Ts there exists a homo- 
morphism f : PA + T5 such that f(a) = x and f(b) = y. 
Lemmas 6 and 7 can be derived from the following more general statement. 
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Proposition 8. Let Gn,d be the circulant graph G(n; 1,2,. . . , d). Then the end-vertices 
of every oriented path P of length at least (n - l)/(d - 1) can be mapped by a 
homomorphism P + Gn,d to any pair of (not necessarily distinct) vertices of G,,d. 
Proof. Let P be an oriented path of length t 2 (n - 1 )/(d - 1) with vertices ao, al,. . . , at. 
As Gn,d is a transitive graph we may assume that a0 maps to 0. Considering just the 
initial part Pi of P with vertices ao, al,. . , ai we denote by Ai the possible images 
of the vertex ai under a homomorphism fi : I: + Gn,d. We clearly have IAt 1 = d. It 
then suffices to prove that for each i < t, IA, 1 = i(d - 1) + 1 since we will then have 
IAIl = n. However, it is clear that the set At is formed by d consecutive (modulo n) 
integers (either {1,2 ,..., d} if (ao,al) E P or {H- l,n-2 ,..., n-d} if (al,ao) E P). 
And assuming that Ai, i < t, is a set of consecutive integers then Ai+, is again a set 
of consecutive integers of length IAil + (d - 1). 0 
Note that the circulant tournament G(7; 1,2,4) also satisfies the claim of Lemma 6. 
This tournament has been used in [18] where it is proved that it is a homomor- 
phic image of any oriented outerplanar graph. Moreover, this tournament is optimal 
(and unique) since there exist oriented outerplanar graphs with oriented chromatic 
number 7. 
Let us now turn to the proof of our statements. 
Proof of Theorem l(3) and (4). (3) Let G = (V,E) be a planar graph of girth at 
least 16. We prove by induction on (VI that G + Zs. By Lemma 5, G contains a 
long ear P of length at least 4, with end-vertices a and b. For the graph G’ = G\P 
we can use the induction hypothesis and so get a homomorphism f’ : G’ + Z5. Put 
x = f’(a), y = f’(b) and apply Lemma 7 to get a homomorphism f : P + ZS. Clearly, 
f’ and f may be combined to get a homomorphism G -+ Zs. Thus, f(G) < 5 and 
using Theorem l( 1) we get the desired result. 
(4) This can be proved analogously by using Lemmas 5 and 6. 0 
Proof of Theorem 2(2). It suffices to check that for every oriented path P of length 
3 and for every pair x,y of (not necessarily distinct) vertices of Xs there exists a 
homomorphism f : P + X5 such that f(a) = x and f(b) = y. Lemma 5 then implies 
the desired result. 0 
Proof of Theorem 3(2)-(4). (2,3) This is obtained in the same way as before, by 
considering oriented paths of length 4 (Ys) and 6 (Ys, Yd and Ys). 
(4) The graph Y, in Fig. 2 is in fact the circulant graph G(4; 1,2). Hence, combining 
Lemma 5 and Proposition 8 we get the desired result. 0 
Proof of Theorem 4(3)-(S). The result concerning Zs has already been established 
in the proof of Theorem l(3). For Zs and Zd we still use the same technique by 
considering all paths of length, respectively, 7 and 6. ??
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It remains to establish the upper bounds in Theorem l(5) and (6). For this we use 
a different technique. Recall that an acyclic k-coloring of an undirected graph is a 
coloring which uses k colors and such that every cycle uses at least three colors. The 
following has been proved in [ 171. 
Lemma 9 (Raspaud and Sopena [17]). For every k, there exists an oriented gruph Hk 
such that ,for uny orientation g of an undirected graph G lcith an acyclic k-colorimq 
there exists a homomorphism 6 4 Hk. Moreover, the size of Hk is k x Zk-‘. 
In [4] Borodin proved that any planar graph has an acyclic 5-coloring. By Lemma 9 
we thus obtain that i(3)<80 [17]. Any planar graph with girth g3 11 contains a long 
ear of length at least 3 and thus can be acyclically 3-colored. Borodin et al. [5] re- 
cently proved that every planar graph with girth g 36 (resp. g 3 7) can be acyclically 
4-colored (resp. acyclically 3-colored). This gives the bounds stated in Theorem l(5) 
and (6). Relationships between oriented colorings and acyclic colorings have been con- 
sidered in [ 141 where it was proved that a family 9 of undirected graphs is acyclically 
colorable using a bounded number of colors if and only if all the orientations of the 
graphs in .9 have oriented chromatic number bounded by some constant. 
3. Lower bounds 
In this section we will construct some sample planar graphs thus proving the negative 
statements of Theorems l-4. 
Proof of Theorem l(1) and (2). (1) Suppose that there exists a tournament T4 on 4 
vertices such that every oriented planar graph G with sufficiently large girth has T, as 
a homomorphic image. Since any (directed) cycle having p vertices with p EZ 1 or 2 
(mod 3) cannot be 3-colored, T4 contains a directed 4-cycle. Thus, T, is the tournament 
Yr depicted in Fig. 2. For every g we now construct an oriented planar graph GT~,, 
such that Gr,,, jt TJ, thus leading to a contradiction. Let F’y be the oriented path on 
iy/2] vertices whose edges have alternatively forward and backward direction and let 
u and L’ denote its end-vertices: 
o-o+ . . .o 
II L’ 
The graph GT~.~ is then constructed as follows: let ~1x2.. .xp be a directed cycle 
on p 3g vertices, p E 1 or 2 (mod 3). To every vertex xi attach two copies of Pq by 
identifying the two u-vertices with xi and adding an edge linking the two v-vertices. 
The graph G,., thus obtained has clearly girth g or g + 1. Moreover, for every homo- 
morphism f‘ : GT,,~ + Td, one vertex x, at least satisfies f(xi) = 4. It is then easy to 
check that the two r-vertices of the paths attached to x, are mapped to the same color, 
namely 1 or 4 depending on the parity of [g/2]. Since these two vertices are joined 
by an edge we obtain the desired contradiction and the result follows. 
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(2) According to Theorems l( 1) and 4( 1) it suffices to consider the tournaments 
on five vertices depicted in Fig. 3. For Zi and Z, the result will be proved later (see 
the proof of Theorem 4(2)). We now construct for every tournament Z E {ZJ,Z~,Z~} 
an oriented planar graph GZ,J of girth 7 such that Gz,J+ Z. The three corresponding 
constructions are given below. 
Construction of Gz~,J: Let P be the following oriented path: 
&U 
U U 
The graph Gz,,~ is then obtained as follows: let xi,. , . ,x7 be a directed 7-cycle. To 
every vertex Xi attach five copies of P by identifying the u-vertices with xi. Denote by 
q, . . . ,215 the corresponding v-vertices and add all the edges (vi, vi+1 ), 16 i < 5. Let 
now f be any homomorphism from GzX,7 to Zs. Since all the directed 3-cycles in Zs 
contain color 4, at least one vertex xi is mapped by f to color 4. It is easy to check 
that the corresponding v-vertices must then be assigned colors 1, 2, 3 or 5. But the 
4-tournament induced by these colors is transitive so that one cannot color all the five 
v-vertices. 
Construction of GZJ: Let P3 denote the directed path of length 3 and u,v denote 
its end-vertices. The graph Gz~,J is constructed as follows: let xi,. . . ,x7 be a directed 
7-cycle. To every vertex xi attach four copies of Ps by identifying the u-vertices 
with x, (denote by vi,. . . , 214 the four corresponding v-vertices) and four copies of 
P3 by identifying the v-vertices with xi (denote by ~1,. . . ,244 the four corresponding 
u-vertices). Add then the edges (Vi, vi+1 ) and (ui, ui+l ) for every i, 1 <i < 4. Let now 
f be any homomorphism from G~,,J to Z4. Since all the directed 3-cycles in Z4 use 
colors 2 or 3 at least one of the vertices xi is mapped by f to color 2 or 3. If xi 
is mapped to color 2 (resp. to color 3) then all the corresponding u-vertices (resp. 
u-vertices) have to be mapped to colors 2, 3 or 4 (resp. to colors 1, 2 or 3). But in 
both cases these 3 colors induce a transitive 3-tournament so that the corresponding 
u- or v-vertices cannot be colored. 
Construction of Gz~,J: This construction is illustrated by Fig. 4. Let P3 denote the 
directed path of length 3 and u, v denote its end-vertices. Take 49 copies of Ps, identify 
all the u-vertices and denote by vi, ~2,. . ,149 the corresponding v-vertices. Then add 
edges in order to construct the directed 7-cycle ~7, ~14,. . . , v?j,. . . , ~49. Finally, for every 
j, 1 <j-S7 add the edges (u7j--6,u7j--5), (V7j-4,V7j-5), (u7j-3,V7j-4), (V7j-3,u7j-2), 
(U7j_1, v7j_2), (v7j_1, U7j), and (v7j__6, v7j). Let US now prove that there is no homomor- 
phism from the graph Gz,, 7 thus obtained to Zs . Let f be such a homomorphism. Since 
Z, is vertex-transitive we may assume that f(u) = 1. Then all the v-vertices have to be 
assigned colors 1, 2, 4 or 5. Due to the 7-cycle linking the vertices U7j, 1 < j<7 at least 
one of them, say a7k, has to be assigned color 4. It is then easy to check that the 7-cycle 
on vertices U7k_6, uj+_5,. . . , u7k cannot be colored by using only colors 1, 2, 4 or 5. 
This concludes the proof. 0 
Proof of Theorem 2(l) and (3). (1) The result for graphs Xl and X2 is already stated 
in Theorem l( 1). The graph X3 contains a 2-cycle but no 3-cycle so no directed 
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Fig. 4. Construction of Gzr,7 
cycle having an odd number of vertices can be mapped to X3. For every g, let us 
now construct an oriented planar graph Gx,,, of girth g such that Gx,,~++ X4. Let P,, 
denote the path of length Lg/2] whose edges have alternatively forward and backward 
direction and u, u denote its end-vertices (as depicted in the proof of Theorem l( 1)). 
Let x1 ,x2,. . . ,xg be a directed cycle on g vertices. To every vertex x; attach two 
copies of Pq by identifying the two u-vertices with xi and adding an edge linking 
the two u-vertices. Let now f be any homomorphism from the graph GxdrS thus ob- 
tained to X4. At least one vertex xi must be assigned color 3. It is easy to check 
that the two corresponding v-vertices have also to be assigned the same color (.3 
or 2 according to the parity of Lg/2]), a contradiction since they are linked by an 
edge. 
(3) We will construct a graph GxS,s (see Fig. 5) such that Gxs,sJ, Xs. Let P3 be 
the directed path of length 3 and u, v denote its end-vertices. The graph Gxs,s is then 
constructed as follows: let x1x2.. .x9 be a directed cycle of length 9. To every vertex 
xi, 1 <i < 9, we attach 39 copies of P3 by identifying all the u-vertices with vertex xi. 
Let ~1, v2, . . , ~39 denote the corresponding u-vertices. Between every two vertices Y:, 
and u,+r we then add a path of length 2 having two backward edges (those additional 
“middle” vertices are drawn as full circles in Fig. 5). Let a (resp. b) denote the middle 
vertex lying between vi and v2 (resp. us and ug). We then add an edge from a to b. 
We finally add a directed 9-cycle connecting all the middle vertices lying between 116 
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Fig. 5. Construction of Gx,,,. 
and ~7, vlg and vi],..., u3g and ~39. We will denote by cl,. . . , cg those middle vertices 
linked by the 9-cycle. 
Let us now prove that Gx,,~+ X5. Since ~1x2.. .x9 is a directed 9-cycle, every 
homomorphism f from Gx5,s to Xs has to use all the three colors 1, 2 and 3. Hence, 
there is at least one vertex xi with f(xi) = 3. It is then easy to check that all the 
v-vertices have to be mapped to colors 2 or 3. The only possibilities for coloring the 
middle vertices are thus the following: 
&-+-L-h tl-L--h L--L--h L-L--A 
Vi Vi+/ ‘i vi+1 ‘i ‘i+l v i ‘i+I 
Therefore, if a vertex vi is assigned color 3 then all the vertices uj, j < i must 
be also assigned color 3. The 9-cycle CI,C~,. . ., cg must use the color 3. Then so do 
all the vertices vi, v? _, . . . , 06, which implies that both vertices a and b are assigned the 
same color 2, a contradiction since there are linked by an edge. 0 
Proof of Theorem 3(l). For Yl the result is a consequence of Theorem l(1). For 
every g, let us now construct an oriented planar graph GY,,~ of girth g such that 
Gr,,g+ Y,. Let & denote the path of length [g/2] whose edges have alternatively 
forward and backward direction and u,v denote its end-vertices (as depicted in the 
proof of Theorem l( 1)). Let xl ,x2,. . . ,xzk+l be a directed cycle on 2k + 1 ver- 
tices, 2k + 1 3g. To every vertex xi attach two copies of Pg by identifying the two 
u-vertices with x, and adding an edge linking the two v-vertices. Let now f be any 
homomorphism from the graph GY~,~ thus obtained to Y2. Since xi,. . ,xak+l is an odd 
cycle, at least one vertex xi must be assigned color 4. Then the two corresponding 
v-vertices have also to be assigned the same color (4 or 1 according to the parity of 
[g/Z]), a contradiction since they are linked by an edge. 0 
Proof of Theorem 4(l), (2) and (6). (1) It is sufficient here to remark that if 2 does 
not contain a 3-cycle (it is then a transitive tournament) then no directed cycle can be 
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mapped to Z. If Z does not contain a 4-cycle (it obviously neither contains a Scycle) 
then no directed cycle on p vertices, p z 1 or 2 (mod 3), can be mapped to Z. 
(2) We construct for every 9 an oriented planar graph CZ,.~ such that G,,,,+ ZI. 
Consider the graph G, used in proof of Theorem l( 1). Since G, cannot be mapped 
to Y1 every homomorphism J‘ : G, -+ 2, has to use color 5. The graph Gz,.~~ is then 
obtained from Gq by associating with every vertex x of G, a new vertex Q and an 
edge directed from v, to x. Since color 5 has incoming degree 0 in %I we are done. 
For ZZ it is also sufficient to consider the graph G, used in proof of Theorem I( 1). 
Every cycle in Z, uses color 3. Thus. in every homomorphism .I‘ : G, --+ Zz there is 
at least one vertex xi with color 3. The two c-vertices of the paths attached to s, are 
then mapped to the same color (3 or 4 according to the parity of ig!‘21) which leads 
to a contradiction since they are linked by an edge. 
(6) This result is already stated in Theorem l(2). ,i 
4. Discussion and open problems 
1. The main open problem is to narrow the difference between the lower and upper 
bounds for our extremal function &J). 
2. The eompiexity of coloring by small digraphs was considered by Bang-Jensen 
et al. 131. In particular, they proved that coloring by any semicomplete graph (that is 
a di~aph which arises from a tou~ament by the addition of some arcs) with 3 and 
4 vertices containing 2 cycles is an NP-complete problem. This supports their general 
conjecture that the existence of H-coloring is NP-complete for a semicomplete graph 
H if and only if N contains at least two cycles. 
However, this does not apply to the problems considered in this paper as we consider 
problems restricted to planar graphs of large girth. As shown, for instance, by the 
proofs of Theorem l(3) and Theorem 3(4) these problems can be in P even under the 
existence of many cycles in the target graph (25 and Y7, respectively). 
3. Given a class .X of graphs we say that a graph H is ~n~~~r~~al if G -+ N for any 
graph G E X. Thus, f(G) is bounded for .%“ if and only if there exists a universal 
graph H. Universal graphs were studied e.g. in [8.12.18]. In a forthcoming paper we 
will discuss classes of planar graphs for which there exists a planar universal graph. 
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